Using the Riemannian connection on a compact manifold X, we show that the algebra of classical pseudo-di erential operators on X generates a canonical deformation quantization on the cotangent manifold T X. The corresponding Abelian connection is calculated explicitly in terms of the of the exponential mapping. We prove also that the index theorem for elliptic operators may be obtained as a consequence of the index theorem for deformation quantization.
Introduction
It is well known that the algebra of pseudo-di erential operators ( do) on a manifold X may beviewed as a quantization of the algebra of their leading symbols. The corresponding symplectic manifold (phase space) is M = T X with a standard symplectic form ! = dq i^d p i i = 1 2 : : : n = d i m X:
However, the quantization procedure allowing one to construct a do with a given leading symbol is by no means canonical. Usually it is based on a partition of unity subordinate to a coordinate covering of X and at the rst glance has nothing to do with the canonical construction of deformation quantization for general symplectic manifolds 3, 4 ] . Many times I was asked by my colleagues about the meaning of the canonical deformation quantization of 3, 4] for the case of do but was not able to give a satisfactory answer. So, I decided to study this question more carefully. As a result this paper appeared.
We u s e a w ell-known idea that the linear connection on X enables one to construct an invariant calculus of psido. This idea was suggested rst in 1] and was emploied later many times in di erent situations (see, e.g. 9, 8, 7] ). Deformation quantization on cotangent bundles and its relation to psido was also intensively studied by M. Bordemann with collaborators and M. P aum, see, e.g., 2] and references therein.
Another question discussed in the paper is a connection between the Atiyah-Singer index theorem for elliptic do and the index theorem for deformation quantization. A simple comparison shows that the former is a particular case of the latter, so we can conclude a p osteriori that the AtiyahSinger theorem follows from the index theorem for deformation quantization. And again, I was asked many times if such a conclusion may be done a priori. As expected, the answer is positive.
Finally, the third question discussed here is how to pass from a special form of the index theorem for deformation quantization to the general one. By a special form we understand an explicit formula for Tr 1 in the case of a compact symplectic manifold M. This is an essential step because the cotangent bundle M = T X is never compact. Now, gethering everything together, we get a strategy to derive t h e A tiyahSinger index theorem from the index theorem for deformation quantization. We start with the algebra of do, then pass to the algebra of formal symbols and the algebraic index formula for them (Section 1), then pass to a canonical deformation quantization on M = T X and show that this canonical procedure yields the algebra of formal symbols (Section 2). Next, we show that the index theorem for deformation quantization on any symplectic manifold M (and thus on M = T X) follows from an explicit formula for Tr 1 on a compact symplectic manifold M (Section 3). This is done using the Atiyah-Bott-Patodi method in deformation quantization 6].
The Algebra of Formal Symbols
We recall brie y the notion of formal symbols and their application to the index theorem for elliptic pseudo-di erential operators. The proofs are mostly omitted and can be found in 5] . Let Since r(q t) h a s a zero at t = 0 , the coe cients are polynomials in h. Moreover, t = 0 is a second-order zero of r(q t) implying that all monomials in have degree at least j j=2 i n h. Thus, the series (1.5) makes sense as a formal series in h. We have also 0 ) (La(q p h)) = La(q p h)j (q p)=' ;1 (q 0 p 0 ) :
The right-hand side of (1.7) will be denoted S ' a for short. In particular, the leading symbola 0 changes as a function on M = T X, while the higher order coe cients change in a more complicated manner. (1.9) Moreover, for two transformations ' 1 ' 2 of the type (1.3) S ' 2 (S ' 1 a) = S ' 2 ' 1 (a): (1.10)
We will prove this proposition a little bit later (see also 5]). Clearly, t h e same properties hold for (1.8).
We next introduce a trace ideal J A (X E E) and de ne a trace func- Op (b(q p))u(q) = 1 (2 ) n Z R n e ihp qi a(q p)b u(p)dp:
The compatibility condition means that the operator A ; Op (aj N ) has the order m ; N for any N. The approximation (1.13) for N > m does not depend on the choice of fU i g f i g fe i g and simply coincides with A. So, for di erential operators we have a one-to-one correspondence between formal symbols (polynomials in p) and operators. As a consequence we obtain a simple proof of the Proposition 1.1. Indeed, it is su cient t o c heck relations (1.10) for formal symbols which are polynomials in p, that is for di erential operators. But for the latter the transformation S ' is simply the change of variables, so the properties (1.9), (1.10) become evident. Being ful lled for polynomials in p they are valid for arbitrary formal symbols.
Returning to the general case and assuming X compact, de ne a regularized trace of a do A by 
Formal Symbols and Canonical Deformation Quantization
In this section we show that the algebra of formal symbolson the manifold X may be obtained by a canonical construction of deformation quantization applied to a symplectic manifold M = T X. To this end we rst introduce a coordinate-free description of the algebra A(X E E).
Let @ bea connection on X and @ E a connection on the bundle E. For any point q 2 X we introduce normal coordinates u = (u 1 : : : u n ) in a neighborhood of q and a normal frame of E using connections @ and @ E . Recall that the normal coordinates are de ned via the exponential map q 0 = exp q u := e q (u) (2.1) which assigns to a tangent vector u 2 T q X the end point q 0 of the geodesics with the initial point q and initial velocity u. The normal frame is obtained from a xed frame in E q by parallel transports with respect to @ E along geodesics. The normal coordinates are de ned up to linear changes of variables corresponding to di erent choices of a basis in T q X. Similarly, the normal frame is de ned up to a choice of a basis in E q .
Given a formal symbola 2 A (X E E), we write it in normal coordinates obtaining a function a(q u p h). Here we treat (u p) 2 T q X T q X as symbolvariables while q 2 X is considered as a parameter. Observe that all the coe cients a k (q u p) are correctly de ned functions on T q X T q X (for a xed q 2 X) since for linear changes of normal coordinates the operator L in (1.7) reduces to identity. In a more geometric language, we introduce a bundle L called the Leibniz bundle whose ber at a point q 2 X is the algebra of formal symbols A(T q X E E) on the tangent space (in normal coordinates). Then our family a(q u p h) de nes a section of this bundle. Strictly speaking, u must be su ciently small for exponential map to be de ned. Another possibility is to treat a(q u p h) as a formal Taylor series in u:
A natural question arises: given a section a(q u p h) of the bundle L, how should one nd out whether it comes from a global formal symbola 2 
is generated by a global formal symbol a 2 A (X) it satis es the equation ra := da ; i h "* p @e q (u) @u The di erential of the right-hand side (with respect to q) must vanish since the left-hand side is independent o f q. Thus, our necessary condition has the form S The second term here is equal to 0 because of the symmetry in i j, while the rst one is i h Proof. Given a at section a(q u p h), we de ne the symbola(q 0 p 0 h ) by (2.13). Writing this symbol in normal coordinates, we obtain another at section, let us denote it by a 1 (q u p h). But from (2.14) it follows that a(q 0 p h ) = a 1 (q 0 p h ) so by Proposition 2.5 both at sections coincide.
The construction of Leibniz bundle and its at sections is very similar to the canonical deformation quantization construction except two things:
1. in deformation quantization we deal with the Weyl algebra bundle W instead of the Leibniz bundle L, 2. the bundle W is de ned over the phase manifold M, that is over T X, rather than over X. But these two di erences can be easily removed. We begin with item 2.
Replace the variable p 2 T q X in a(q u p h) b y p + v, where p v 2 T q X. We obtain a \function" b(q p u v h) = a(q u p + v h): (2. 15)
The Leibniz product of a 1 (q u p h) and a 2 (q u p h) with respect to u p under this replacement corresponds to the Let us summarize our investigations. We have constructed a symplectic bundle over the manifold M = T X. The ber of above the point x = ( q p) where q 2 X p2 T q X is x = T q X T q X with a standard symplectic form. On the bers of there is a Weyl algebra structure W( x ) : = W x with the product , and the union of W x forms the Weyl algebra bundle W over M. Further = ; h dp dqi : Proof. Recall ). Such a trivialization may beachieved by taking a trivial connection on X as was described above. The trace on W D is independent of the local trivializations, this gives the coincidence of traces in both algebras.
We could say here that the coincidence of traces implies the coincidence of indices, and thus nish our article, but for one fact which at the rst glance seems rather technical and inessential. The matter is that there are two reasonable de nitions of the index in deformation quantization. One of them comes from the general algebraic K-theory, another one is more speci c for deformation quantization. In the rest of this paper we p r o ve their equivalence.
Consider rst a more simple case of a compact manifold M when the trace functional is de ned on the whole algebra. Let We associate to it an algebra A P consisting of matrices a with entries from W D (M) and satisfying the following conditions a P = P a = a: (3. 3)
Together with (3.2) these conditions mean that P 2 A P is the unit of the algebra A P . We set ind A P = T r P = X i Tr p ii : (3.4) Thus, the index is the trace of the unit element of the algebra. If the elements of the algebra were operators, the index would beequal to the dimension of the Hilbert space where the operators act, or, using physicist terminology, t o the numberof quantum states. The stability of index implies that it depends only on the leading term of P which is a projector-valued function P(x) on M. This function de nes a vector bundle E over M whose ber at a point x is the range of the projector P(x). So, a vector function u(x) is a section of E if it satis es the relation u(x) P(x)u(x): (3.5) The projector P(x) de nes a canonical connection on E, the so-called LeviCivita connection. It acts on sections (3.5) as @ E u(x) = P(x)du: (3.6) Here d is the de Rham di erential, if u(x) is represented as a column (u 1 (x) : : : u N (x)) t , then du is a column with entries du k (x).
We can construct another algebra A P associated to the projector P using the so-called quantization with a non-trivial coe cient bundle. Consider a bundle K = Hom (E E ) which we will refer to as a coe cient bundle. The section a(x) 2 C 1 (M K) may be represented as a matrix-valued function on M such that P(x)a(x) = a(x)P(x) = a(x): (3. 7) The connection (3.6) on E gives a connection on K denoted by the same symbol@ E : @ E a = P d a P : (3. 8) The section P(x) of the bundle K is covariantly constant: @ E P = P d P P 0 and relations (3.7) mean that it is a unit section in K.
The curvature of the Levi-Civita connection (3.6) is R E = P d P 
A unit in the algebra A P is a unit section of K, that is P(x). It may be easily veri ed that D P P(x) 0 a n d for any a 2 A P we have P a = aP = a: (3.11) Similarly to the ind A P we de ne the index of the algebra A P to be ind A P = T r P(x) (3.12) that is, again the trace of a unit element, but the trace is understood in the algebra A P . Our aim in this section is to prove the equality ind A P = ind A P (3.13) which is a consequence of the following theorem.
Theorem 3.1 There exists an isomorphism betweem the algebras A P and A P preserving the traces.
It is important that the isomorphism is de ned globally on M (locally such an isomorphism always exists).
Proof. Both Consider in more detail (3.20) . There is a compatibility condition which is necessary for solvability of (3.20) . Indeed, applying D to the left-hand side and multiplying by P from the right, we obtain (D((DU)P ))P + i h (DU)P (r ; r P )P + i h U (D(r ; r P ))P = 0 :
We use again that P is absorbed in U in virtue of (3. and taking the leading term of U to beequal to P, we come to the equation
h U (r ; r P ) : (3. 23)
The only di culty here is that h enters the denominator but for the total degree we have deg i h (r ; r P ) 1:
So, the iteration procedure will be convergent with respect to total degrees. The solution of (3.23) also satis es (3.20) because of the compatibility condition (cf. 3, Theorem 4.3]). All the iterations are not changed being multiplied by P from the right. As for multiplication by P from the left, we see from (3.20) that for a solution U the section P U is again a solution which satis es all the conditions (3.15).
To nd V , one can solve (3.21) but it is easier to invert U. We take V 0 = P P as an initial approximation and then de ne
The pair U V satis es (3.15){(3.17) and gives the desired isomorphism of A P and A P .
To s e e that this isomorphism preserves the traces, consider a section a 2 A P with the support in a Darboux coordinate neighborhoodO. To calculate the trace, we need to take a local isomorphism tr I P a P ! n n! :
Consider the image a P = U a P V 2 A P :
Similarly, Tr a P = 1 (2 h) n Z R 2 n tr I P a P ! n n! where I P is a local isomorphism of A P to W(R 2n ) Mat. But the local isomorphisms I P and I P may be obtained from each other by the global isomorphism a P = U a P V so that I P a P = I P (U a P V ) : = I P a P and vice versa, proving the coincidence of the traces.
Consider now the case when M is not compact. In this case the Ktheoretical de nition of the index looks as follows. The index is de ned for pairs fP 0 P 1 g of projectors in the algebra W D (M) Mat for which the di erence P 0 ; P 1 has compact support ind fP 0 P 1 g = T r ( P 0 ; P 1 ):
(3.24)
In particular, we come to this de nition considering Fredholm operators is elliptic, then its leading symbol a(q p) gives an isomorphism of vector bundles E 0 and E 1 over M = T X outside a zero section p = 0. So, again we have the problem of identi cation of de nitions (3.24) and (3.26) and it can be easily reduced to Theorem 3.1. Indeed, consider four algebras A P 0 A P 0 A P 1 A P 1 (using notation of Theorem 3.1). We have the isomorphisms U 0 V 0 between A P 0 and A P 0 and U 1 V 1 between A P 1 and A P 1 and these isomorphisms preserve traces. If fO i g denotes a locally nite coordinate covering and f i g the corresponding partition of unity, we construct partition of unity i0 i1 i0 i1 in the algebras A P 0 A P 1 for the trace of unit element for deformation quantization with non-trivial coe cients on a compact symplectic manifold.
